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Abstract: The global scale invariance along with the unimodular gravity in the vacuum is stud- 
ied in this paper. The global scale invariant gravitational action which follows the unimodular 
general coordinate transformations is considered without invoking any scalar field. The possible 
solutions for the gravitational potential under linear field approximation for the allowed values 
of the introduced parameters of the theory are discussed. The modified solution has additional 
corrections along with the Schwarzschild solution. A comparative study of unimodular theory 
with conformal theory is also presented. Furthermore, the cosmological solution is studied and 
it is shown that the unimodular constraint preserve the de Sitter solution. 



1 Introduction 

Surprisingly, we live in the era of late time acceleration of universe [1 , 2J . The acceleration in 
expansion of universe offers a new physics of unknown component " dark energy" . The other 
matter, whose physical nature is partially known, "dark matter" , is also one of the interesting 
subjects in cosmology. Dark matter was introduced by Fritz Zwicky in year 1933 [3l|4] to account 
for evidence of missing mass in Coma cluster. The more interesting issue to notice is that dark 
matter and dark energy dominate the energy density of the universe. The observed dark energy 
and dark matter contribute approximately 72.8% and 22.7% respectively to the total energy 
content of the universe. There are number of scalar field theories such as Quintessence, [5HTU] PC- 
essence [TTlU3| . Chaplygin gas model [14HT(J[ and theory of modified gravity such as f(R) [l7Tl22j . 
DGP model etc. to describe the dark side of universe. In the recent literature [2"5lI27] . 

authors discuss the absence of the dark matter in the vicinity of solar system. The dark matter 
might be internal property of the space and hence might be explained by the modified theory 
of gravity In this paper, such a theory of modified gravity is considered which has 

global scale invariance along with the unimodular constraint to explain the galactic rotational 
curve. The scale invariance was first discussed by Wcyl in 1929 [41] . This symmetry is broken if 
the theory contains any dimensionful parameters, such as particle masses, cosmological constant, 
gravitational constant etc.. One of the motivation for considering scale symmetry is that it might 
impose some constraints on the cosmological constant |42H47] . Hence it might help in solving 
its fine tuning problem. Although scale invariance is generally believed to be anomalous, it is 
possible to maintain this symmetry in the full quantum theory if the symmetry is broken by a 
soft mechanism j¥5Tf5T)] . This does not conflict with any known consequences of scale anomaly 
such as scale dependence of the coupling constants [U3IH)]. It has been shown in many of the 
literatures |47ll49H53] that scale invariance has its advantage in explaining the dark sector of the 
universe. The local scale invariance explains the current era of the universe |51j . favoring the 
ACDM model. In the papers [5TH55] the symmetry breaking mechanism of local scale invariance 
generates the dark energy and vector field, which is gauge particle acts as dark matter field. In 
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the literature [53], scale invariance has been discussed in details. The global scale transformation 
is given by 

x» -> Ax* 
ds 2 -> A 2 ds 2 

where ds = g^dx^dx 1 * is the line element and A is a constant parameter. So we have 

<W 9i*» (!) 

The matter fields transform as follows, 

(j) -> 0/A 

V> -> v/ a3/2 

where 0, and ^ are scalar, vector and spinor fields. The above transformations make the action 
like J R 2 sj—gd^x or J cfpR^—gd^x invariant . 

The theories of higher order invariants in the action were initially started by Weyl in 1919 and by 
Eddington in 1923. The f(R) theory has also been studied in the literatures [T7ti22ll40ll54H60| . One 
of the advantage of f(R) theory is it describes the early universe [SHIM]. Further, it also explains 
the late time acceleration |40U63j in the expansion of universe and might be an alternative for the 
dark matter [2"5tf4"0] . The theory follows the principle of covariance similar as the Einstein-Hilbcrt 
action. It modifies the Einstein equation and so the solution for the gravitational potential. The 
only quadratic terms of the curvature scalar in the action preserves the global scale invariance. 
It is reasonable to take only quadratic terms of the curvature scalar in the action, since the 
solution could include the Schwarzschild solution and the corrections in addition [35J. Using the 
Gauss-Bonnet identity, we may write such action as following [64) 

- a CJ J (R^R^ + iR 2 )V=gd i x (2) 

It should be noted that the theory is now not conformal in general [55]. Conformal theory is one 
of the special case of ©, where 7 = — 1/3. In the section @, the field equation of metric is 
derived. In the section [31 the corresponding equation for the unimodular theory is given. The 
field equation is solved and also the corresponding plot for galactic rotational curve is given in 
this section. The cosmological solution with unimodular constraint is discussed in the section 
The last section ([5J contains the discussions and the conclusions. 



2 Field Equation 



The variation of action [2] gives 



5S 



^~g{2bg^g av R pa R pv + 2gP»g™ R pa 8R pu + 2 1 R{5g^R pu + g^SR^)) 



^~gg pv ( 7 i? 2 + R P *R pa ) Sg^ 



d A x 



(3) 
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Now using the identity 



SRnv 

we may write the field cquayion as 



w 1 +w 2 =0 

ty pv ' ty pv w 



(4) 



(5) 



Here W\ v and W 2 are the terms corresponding to the variation of R 2 and i? pcr i? p<T and these are 



given as 

wL 



w, 



1 -R 2 g pu + 2 1 
1 



2jRR^, 



R P *R pa g» v + 1R w R va g pa - 2(R a ^. fj g au + + (R af) )-i3- a g^ (6) 



respectively. 



3 Unimodular Gravity 



Unimodular gravity has been studied in the several literatures |55H80] . The theory is subclass of 
general theory of relativity but with a constraint in addition, i.e., the determinant of the metric is 
not dynamical; g^Sg^ = 0. The motivation of the unimodular gravity is to solve the cosmological 
constant problem as we don't have any such term in the action. Further, in the reference [66] . 
authors discuss dynamics of expansion of universe with the unimodular theory of gravity taking 
the dynamical part of determinant of metric as a separate scalar field. However, in this paper, 
any scalar field is not considered. The condition g jiv bg iiV = modifies the Einstein equation as 
following [57JEn], 



(7) 



where k is coupling constant, T pl , is energy momentum tensor of source field and T is its trace. 
The Eq. [7] is traceless part of the Einstein equation. The variation of action [5] gives following field 
equation 



1 



a/3 



g ati (iR 2 + R pi yR pa ) + 2 7 



g pL '{R);y.;vg a p ~ (R);a;/3 



2R av Rp p g f 



2 {Rn^u M + ( R>i % 9v*gvp + g a p + 2 1 RR aP = o 



(8) 



The same procedure of constraint of unimodular gravity over the action given in Eq. [2] gives the 
following field equation, 



W uni 



-\g a p ( 1 R 2 + R P «R pa )+2 1 



g pl '{R)w,v9aP — (R);a;0 



2R av Rfi p g p 



2 (Rn m „ 9pp + (R p % gp a g»? + (Rn,,, P 9<*e + ^rr^ - —g aP = o , (9) 
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where W = W" is trace of tensor W a p. The Eq. |H]is the traceless part of Eq. |S] Here g^Sg^ = 
is used, i.e., the action does not have any constant term. 

3.1 Vacuum Solution for the Conformal Theory 

For 7 = —1/3, W rr component of Eq. ^ gives the following equation 



B^W rr = -B'B'" - —B" 2 - — (BB'" - B'B") - -At {BB" + B' 2 ) 
6 12 3r 3r z v ' 

h BBf -& + h> (10) 



where the metric is given by, 



ds 2 = -B(r)dt 2 + -^--dr z + r A dVl . (11) 
B(r) 



The exact vacuum of Eq. (| 10[) may be written as [25] 

r 

where, C±, and C3 arc constants. 

3.2 Vacuum Solution for Unimodular Gravity 

In this section, we solve for the gravitational potential with unimodular gravity considering the 
line element (fTT|) . — (1/B) of t — t component, —B oir — r component and 1/r 2 of — component 
of field Eq. [5] are given by 

,B" 2 B' 2 . B'B" (I + 27) , ,B 2 

(1 + 27)— -7— + (l+4 7 )— -^-^-(1+46) — 

+ (2 + 67)^ - (2 + 4 7 )— + 7^— - (2 + 3 7 )^— 

1)1) . . _D_D . , 

-7—- + 2(1 + 37)^3=0, (13) 

-(l + 2 T ,^ + 7 ^-,l + 4^ + ^-(7 + »^ 

N 5 , BB' B'B'" , BB'" 

+ (6 + 187)^1 + ( 2 + 4 7)— - 7-2~ - ( 2 + 87) — 

BB" BB"" B' 
+ (4 + 13 7 )^- - (l + 3 7 )— 2(l + 3 7 )^=0 (14) 



and 



,B" 2 B' 2 , B'B" (l + 2 7 ) , ,B 2 

(1 + 27 )_ +7 __ ( l + 47)__ + L_^_ (3 + 87) _ 

S B , BB' B'B'" BB'" 
+ 2 + 67 - + 2 + 4 7 — - 7— 7 

r i I r 

TD TDll r> TDllll JDl 

, I j 1 J DID . D , 

+(2 + 7 7 )^r- -7—5— -(2 + 67)^ = (15) 
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respectively. Now, considering linear approximation, i.e., B(r) ~ l + 0(r), we have following three 
equations 



2 7 2 7 0' 7 0" (2 + 3 7 )0'" (1 + 7)0" 



= 



(16) 



+ 22 7 )0 2 7 0' (4+13 7 )0" (2 + 5 7 )0'" (1 + 37)0" 



(17) 



and 



(4+107)0 2 7 0' (2 + 77)0" 70"' 70 



= 



(18) 



respectively. The solution of Eq. [TC] is given by 

= C ir ^ +^1 + C 3 r + C A r 2 . (19) 
r 

Plugging this solution, either in Eq. [T7]or[T51 we get the same constraint over the constants, 



(1 + 3 7 ) 



- (67 J + Y - 57 - 2)d + 2(1 + 7) V+T+^C 3 



= 



(20) 



Now, we have different solution for allowed values of 7 and other constants. The constraint Eq. 
|2"01 gives one of the case where 7 = —1/3. For this value we get 



C-2 



+ (Cx + C 3 )r + eV , 



(21) 



which is same solution as in Eq. (fl"2"|) for the conformal theory. However, for 7 7^ —1/3, we have 
C* 3 = and 



6 7 3 + 7 2 - 57 - 2 = , 



(22) 



which implies 



7 = — — , 7 = — — and 7 = 1 



3' ' 2 

For these values of 7 the solutions are given by 



Co 



Cir 4 + — + Ctr* ■ 
r 

r 



(Ci + C a ) 



C A r 2 



(23) 

(24) 
(25) 
(26) 



respectively. The solution [231 or 121)1 with the data of galactic rotational curve {8"T1l8"2"] given in table. 
([1]) for the Milky Way galaxy is plotted in Fig [T] The effective velocity of star may be written as 
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Table 1: Table for galactic rotational curve. 



Distance 


Velocity v 


Error 


in Kpc 


(100 Km/sec) 


(100 Km/sec) 


2.97 


2.03 


.225 


3.82 


2.16 


.180 


4.67 


2.26 


.185 


5.52 


2.18 


.090 


6.37 


2.27 


.040 


7.22 


2.25 


.045 


7.50 


2.15 


.200 


8.07 


2.21 


.040 


12.5 


2.26 


.200 


17.5 


1.80 


.200 


22.5 


1.64 


.200 


27.5 


1.83 


.200 


32.5 


1.43 


.220 


37.5 


1.83 


.390 


42.5 


2.03 


.350 


47.5 


1.66 


.300 


55.0 


1.80 


.350 



where / = 9 x 10 6 to make velocity unit as (lOOKm/ sec). For the best fit, the values of constants 
are 

C 2 = -7.39 x 10~ 6 Ape and (Ci + C 4 ) = 1.67 x 10~ 10 Ape" 2 for solution (gSJ), 

(Ci + C 2 ) = -7.39 x 10~ 6 Kpc and C 4 = 1.67 x 10~ 10 Ape" 2 for solution flU). (28) 

The plot is shown by the dotted line. The further plot of the solution (|2"4"|) with solid line is shown 
in Fig. [1] The values of constants for this case are as following 

d = -5.16 x 10" 14 Ape" 4 , C 2 = -7.22 x 10" 6 Kpc and C 4 = 3.78 x 10" 10 Apc~ 2 . (29) 

The plot for the conformal theory is also shown with dashed line, where the gravitational potential 
is given by the Eq. (fT2"]) and for the best fit the values of the constants are given by 

Ci = 2.6526 x 10~ 6 Ape, C 2 = 5.0460 x 10~ 8 Ape" 1 and C 3 = 4.1366 x 10~ 10 Ape" 2 . (30) 

The values of XminS P cr degree of freedom for the best fit for the solution (TT21 , (|24[) and (|2"5"|) are 
given by 3.19, 5.54 and 6.15 respectively. However, the solution ((24]) gives the best fit for the scale 
> 15 Ape as shown in the Fig. ([1]). 



(theoi — expti 
error 



(31) 
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Figure 1: The variation of velocity with distance r. The dotted curve is plot of solution given by (|25|) or 
(|26|) whereas solid curve is for the solution (|24|) . The dashed curve is for the solution (|12|l . Data 
for Milky Way Galaxy is shown with the error bar. 



4 Cosmological Solution 

It is known to us that Gauss-Bonnet action explains acceleration in the expansion of the universe 
[83H85] . Further, in the modified theory of gravity f(R) = R 2 , we have exact de-Sitter solution [40] 
for the vacuum. In this section, we test it explicitly as now the action has the unimodular constraint 
in addition. For the FRW metric [— 1, a 2 , a 2 , a 2 ], where a is scale factor of the universe, Eq. © 
gives the same equation for — and i — j components and it is given by 

/a'\ 4 , a' 2 a" , I 'a'V , , do!" , a"" , x 

- 6 + I87 - + 9 + 27 7 )_ g --(3 + 9 7 - + l + 3 7 — - l + 3 7 — =0. 32 
\a J a 6 \ a J a A a 

The Eq. (|32j) may be written as independent of the parameter 7 as 

_Jfq% 9 ^_3^y + ^-^=0. (33, 
\a J a 6 \ a J a z a 

Looking over Eq. (|33p . one may conclude for the exact de-Sitter solution, 



(34) 
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which explain the acceleration in the universe-expansion, where Hq is Hubble constant. 

5 Discussion and Conclusions 

A scale invariant model of higher order invariant in the action is presented. The unimodular 
constraint on the theory is also considered. Scale invariance allows only quadratic terms of cur- 
vature scalar in the action, whereas consideration of unimodular theory in addition constrain on 
the values of the parameter of the resulting theory. It is shown that for the parameter 7 = — 1/2 
and 1 , the solution of the gravitational potential includes the Schwarzschild solution as well as the 
term corresponding to the integration constant. The solution for this case explains the galactic 
rotational curve, but the corresponding gravitational field increases as distance increases whereas 
for 7 = —2/3, the solution has one more term proportional to r 4 so that the velocity or corre- 
sponding gravitational field decreases after ~ 42 Kpc. Furthermore, the solution of conformal 
theory is recovered for 7 = —1/3. The conformal solution has a lighter bump at ~ 30 Kpc. 
Hence, the unimodular theory of gravity has good behavior for the large scale rather than that 
of conformal theory. The proper scale invariant matter source term in the action might describe 
the rotational curve for the low range. We will proceed it further in the future publication. The 
theory is interesting as it does not require the dark matter which has not been observed in the 
solar neighborhood so far. Furthermore, the de Sitter solution is also obtained for the considered 
theory explaining the dynamics of current era. 
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